Probability Theory Review: 2-11

e common pdfs: Normal, Uniform, Exponential

e how does kernel density estimation work?

e common pmfs: Binomial (Bernoulli), Discrete Uniform, Geometric

e cdfs (and how to transform out from a random number generator (i.e. uniform
distribution) into another distribution)

e how to plot: pdfs, cdfs, and pmfs in python.

e MLE revisited: how to derive the parameter estimate from the likehood

function
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Maximum Likelihood Estimation (parameter estimation)

Given data and a distribution, how does one choose the parameters?

likelihood function: n log-likelihood function:
L) = ][ f(X::6) 1(0) = log y . F(X;;6)
=1 i=1

maximum likelihood estimation: What is the 0 that maximizes L?

Example: X, X, ..., X~ Bernoulli(p), then f(x;p) = p*(1 - p)™ forx =0, 1.

Ly(p) =[] (1 =p)" ¥ =p°(1 = p)"°, where § = "X,
i=1 i

l,(p) = Slogp+ (n —s)log(1l — p) g

n 117

take the derivative and set to 0 to find: P =



Maximum Likelihood Estimation

Given data and a distribution, how does one choose the parameters?
likelihood function: n log-likelihood function: n
L) = I £(X::6) 16) = 1og ¥ £(X:;0)
1=1 =1
maximum likelihood estimation: What is the 6 that maximizes L?

Example: X ~ Normal(y, ), then

GOAL: take the derivative and set to 0 to find:
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Maximum Likelihood Estimation

Given data and a distribution, how does one choose the parameters?

likelihood function: n log-likelihood function: p
L) = [T 1(x::0) 16) = log > £(X,:6)
1=1 =1
maximum likelihood estimation: What is the 0 that maximizes L? Zn: (z; — H)Q

1 "4 202
Example: X ~ Normal(y, ), then  f(x1, 29,...,2,; 1, 0) = ( ) e =1

o\ 2T
L E_%%LE
/2T

Normal pdf

GOAL: take the derivative and set to 0 to find:
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Maximum Likelihood Estimation

Example: X ~ Normal(y, o), then fX1, o, ooy ap; o) = (

GOAL: take the derivative and set to 0 to find: 120



Maximum Likelihood Estimation

Example: X ~ Normal(y, o), then fX1, o, ooy ap; o) =

(x; — p)?
( 1 >€ZT

o\ 27

PRy
log(f(x1,..., 2, 1t,0)) = —nlog v/ 2m _nngJ_Z {.l:? E,LL]
-

i=1

GOAL: take the derivative and set to 0 to find:
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Maximum Likelihood Estimation

(x; — p)?
oor)

2

Example: X ~ Normal(y, o), then fX1, o, ooy ap; o) =

log(f(xy,....zyip.0)) = —nlogv2r —nlogo— E (I’;Q_fj
. ok
i=1

first, we find ¢ using partial derivatives:

)

8f.($l; ceey L M‘:J) _ Z ($i - Ju)

=0
)T 202

=1

GOAL: take the derivative and set to 0 to find:
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Maximum Likelihood Estimation

(x; — p)?
oor)

2

Example: X ~ Normal(y, o), then fX1, o, ooy ap; o) =

2

log(f(xy, ...,y pp,0)) = —ﬂ-lﬂgm —T?.-logf;r_z (z; —;u.)
- 7=
=1

first, we find ¢ using partial derivatives:
1

af(ﬂl'l, cees P‘"!O—) _ Z (33?' _ Ju) — 0 n ZIE
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Maximum Likelihood Estimation

(x; — p)?
oor)

2

Example: X ~ Normal(y, o), then fX1, o, ooy ap; o) =

log(f(xy,...;zyip,0)) = —nlogv2m —nlogﬂ—z (I’;Q_fj
. ok
i=1

first, we find ¢ using partial derivatives:

Af (@1, wnipy0)  x—~(wi—p) o, D
9, _Z 952 =0 ZI,_H —0 =1 _ s -
" - IR L _ji-
now o.
df(xy, .., xpipt, 0) N e (7 — p)?
N = — — \ . — U
do (T T Z a3
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Maximum Likelihood Estimation

(@i — p)”
1 " Z 202
Example: X ~ Normal(y, o), then [, o,y oy p,0) = (J Qﬁ) e =l
1 (L B ,H)E
log(f(xy,...;zyip,0)) = —nlogv2m —n.logrr—; 52
first, we find ¢ using partial derivatives: . ,
Of (x1,....wpi p1,0) - (i —p) . Zl‘;
)T _Z 202 =0 Z:{'-—n,u,z[} =l _h=7
i=1 ' — ' ' ' n
now o:. n 1 n
P . o 1 N ) 1 . 2 - —— 2 -2
fﬂf{.ll,..‘_.,l”.ﬂ.ff) _ —E—I-Z{L_.'u) _0 JE+ . (x; —p)" =0 HZ{JL, fy?"=¢o
dg T U'i i=1 i=1
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Maximum Likelihood Estimation

T 9
Z (z; — )
\" —  20°
Example: X ~ Normal(y, o), then [, o,y oy p,0) = 5 € =
':l'
log(f(xy,....zyip.0)) = —nlogv2r —nlogo— Z
20° sample mean
first, we find ¢ using partial derivatives:
0w tni10) (@ p) 2
ou — 202 : ;I; —npu=0, ’:; = [=1
now o. 1 mn
£ : n i 2 .- — ) = 452
6f{r1,..‘.,rn._y,._ff)Z_E_i_z(zi—lp,) _p +Z ;1, . (; —p) =0
do o a3 i=1 i=1

sample variance
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Maximum Likelihood Estimation

Try yourself:

Example: X ~ Exponential(4),

|

hint: should arrive at something almost familiar; then recall )\ = —
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Expectation, revisited

Conceptually: Just given the distribution and no other information: what value
should | expect?
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Expectation, revisited

Conceptually: Just given the distribution and no other information: what value
should | expect?

Formally: | The expected value of X is:

E(X) = / zdF(z) = {lef)(m) if X is discrete

[zf(z)dx if X is continuous

denoted: E(X)=EX = (z)=pu=pux
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Expectation, revisited

Conceptually: Just given the distribution and no other information: what value
should | expect?

Formally: | The expected value of X is:
xr) it X is discrete

3 > e f(
E(X) = /:ch(x) — {f xf(x)de it X is continuous

denoted: E(X)=EX = (z)=pu=pux

“expectation” “mean’ “first moment”
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Expectation, revisited

Conceptually: Just given the distribution and no other information: what value
should | expect?

Formally: | The expected value of X is:
xr) it X is discrete

3 xS
E(X) = /xdF(:c) - {f xf(x)de if X is continuous

denoted: E(X)=EX = (z)=pu=pux

“expectation” “mean’ “first moment”

Alternative Conceptualization: If | had to summarize a distribution with only one

number, what would do that best?
(the average of a large number of randomly generated numbers from the distribution)
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